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S. M. Bak. Existence of standing waves in discrete nonlinear equation of Shr�odinger type with
saturable nonlinearity , Mat. Stud. 33 (2010), 78�84.

In this paper we obtained results on existence of standing waves in discrete nonlinear equati-
on of Shr�odinger type with saturable nonlinearity. We consider two types of solutions: with
periodic amplitude and vanishing at in�nity. Calculus of variations and Nehari manifold are
employed to establish the existence of these solutions.

C. Í. Áàê. Óñëîâèÿ ñóùåñòâîâàíèÿ ñòîÿ÷èõ âîëí äëÿ äèñêðåòíîãî íåëèíåéíîãî óðàâíåíèÿ
òèïà Øðåäèíãåðà ñ íàñûùàåìîé íåëèíåéíîñòüþ // Ìàò. Ñòóäi¨. � 2010. � Ò.33, �1. � C.78�
84.

Â äàííîé ñòàòüå ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ñòîÿ÷èõ âîëí äëÿ äèñêðåòíîãî íå-
ëèíåéíîãî óðàâíåíèÿ òèïà Øðåäèíãåðà ñ íàñûùàåìîé íåëèíåéíîñòüþ. Ðàññìîòðåíû äâà
âèäà ðåøåíèé: ñ ïåðèîäè÷åñêîé àìïëèòóäîé è àìïëèòóäîé, êîòîðàÿ ñõîäèòñÿ ê íóëþ íà
áåñêîíå÷íîñòè. Äëÿ ïîëó÷åíèÿ óñëîâèé ñóùåñòâîâàíèÿ òàêèõ ðåøåíèé ðåàëèçîâàí âàðèà-
öèîííûé ïîäõîä ñ èñïîëüçîâàíèåì ìíîãîîáðàçèÿ Íåõàðè.

1. Âñòóï. Ó äàíié ñòàòòi âèâ÷à¹òüñÿ äèñêðåòíå íåëiíiéíå ðiâíÿííÿ òèïó Øðåäiíãåðà iç
íàñè÷óâàíîþ íåëiíiéíiñòþ

·
ψn − anψn+1 − an−1ψn−1 − bnψn +

µ|ψn|2
1 + |ψn|2 = 0, (1)

äå µ 6= 0, an, bn ∈ R.
Ðîçãëÿäàòèìåìî òàê çâàíi ñòîÿ÷i õâèëi, òîáòî ðîçâ'ÿçêè âèãëÿäó

ψn = exp(−iωt)un, (2)

äå àìïëiòóäà un ∈ R. Òîäi, ïiäñòàâèâøè ðîçâ'ÿçîê (2) â ðiâíÿííÿ (1), ìàòèìåìî ðiâíÿííÿ

Aun − ωun = f(un), (3)

äå f(un) = µu3
n

1+u2
n
, µ 6= 0 i (Au)n = anun+1 + an−1un−1 + bnun.

Ïîäiáíi ðiâíÿííÿ ¹ öiêàâèìè ç îãëÿäó íà ÷èñëåííi ôiçè÷íi çàñòîñóâàííÿ ([4], [6]).
Îñîáëèâî öiêàâèìè ¹ ðiâíÿííÿ âèãëÿäó (1) ç îïåðàòîðîì

(Au)n = −un+1 − un−1 + (2 + vn)un = −4un + vnun,
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äå 4un = un+1 +un−1−2un � îäíîâèìiðíèé äèñêðåòíèé îïåðàòîð Ëàïëàñà i vn � çàäàíà
äiéñíà ïîñëiäîâíiñòü (ïîòåíöiàë). Òàêi îïåðàòîðè âèíèêàþòü, íàïðèêëàä, ó íåëiíiéíié
îïòèöi. Ðåçóëüòàòè ïðî iñíóâàííÿ ñòîÿ÷èõ õâèëü ó âèïàäêó, êîëè A = −4 îòðèìàíî ó
íåäàâíié ðîáîòi [10]. Âêàæåìî òàêîæ ñòàòòi [8], [9], â ÿêèõ äîñëiäæåíî íåëiíiéíi ðiâíÿííÿ
òèïó Øðåäiíãåðà iç íåëiíiéíiñòþ ñòåïåíåâîãî òèïó. ßê i â [10], ó öié ñòàòòi âèêîðèñòî-
âó¹òüñÿ âàðiàöiéíèé ìåòîä, ÿêèé  ðóíòó¹òüñÿ íà ìíîãîâèäi Íåõàði.

Ñëiä âiäçíà÷èòè, ùî âàðiàöiéíi ìåòîäè âèêîðèñòîâóâàëèñÿ i â iíøèõ äèñêðåòíèõ çà-
äà÷àõ, òàêèõ ÿê ëàíöþãè Ôåðìi-Ïàñòà-Óëàìà òà ëàíöþãè íåëiíiéíèõ îñöèëÿòîðiâ ([1, 2,
3, 5, 7]).
2. Ïîñòàíîâêà çàäà÷i òà îñíîâíi ïðèïóùåííÿ. Ðîçãëÿäàòèìåìî ðiâíÿííÿ

Aun − ωun = f(un), (4)

ç äåÿêîþ íåëiíiéíiñòþ f(un) òà äâà âèäè éîãî ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü âiäïîâiäíî
óìîâè

un+k = un, (5)
lim

n→±∞
un = 0. (6)

Íåõàé F (t) ¹ ïåðâiñíîþ ôóíêöi¹þ äëÿ ôóíêöi¨ f(t), òîáòî F (t) =
∫ t

0
f(s)ds. Ñêðiçü äàëi

ïðèïóñêà¹ìî, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:
(a1) ïîñëiäîâíîñòi (an), (bn) äiéñíèõ ÷èñåë ïåðiîäè÷íi, òîáòî an+N = an, bn+N = bn i

íèæíüîþ ìåæåþ ñïåêòðà îïåðàòîðà A ¹ ÷èñëî 0;

(a2) f(t) = o(t), t → 0 i limt→±∞
f(t)

t
= l < ∞;

(a3) f ∈ C1(R) i f(t)t < f ′(t)t2, t 6= 0;

(a4) limt→±∞(1
2
f(t)t− F (t)) = ∞.

Çàóâàæåííÿ 1. Ëåãêî ïåðåâiðèòè, ùî ïðè âèêîíàííi óìîâè (a1) îïåðàòîð A îáìåæå-
íèé i ñàìîñïðÿæåíèé îïåðàòîð â l2, à ïðè âèêîíàííi óìîâ (a2), (a3) ôóíêöiÿ f(t)

|t| ñòðîãî
çðîñòàþ÷à, òîäi ÿê ôóíêöiÿ 1

2
f(t)t − F (t) ñòðîãî çðîñòà¹ ïðè t ≥ 0 i ñòðîãî ñïàäà¹ ïðè

t ≤ 0.

Íåõàé k ≥ 2 � öiëå ÷èñëî. Ïîçíà÷èìî
Qk := {n ∈ Z : − [k

2
] ≤ n ≤ k − [k

2
]− 1},

äå [·] � öiëà ÷àñòèíà ÷èñëà. ×åðåç Xk ïîçíà÷èìî ïðîñòið âñiõ k-ïåðiîäè÷íèõ ïîñëiäîâ-
íîñòåé (óìîâà (5)). Öå ñêií÷åííî âèìiðíèé ïðîñòið ç íîðìîþ ‖u‖k = (

∑
n∈Qk

|un|2) 1
2 .

×åðåç X ïîçíà÷èìî ïðîñòið l2 ç íîðìîþ ‖u‖ = (
∑

n∈Z |un|2) 1
2 . Éîãî åëåìåíòè àâòîìàòè-

÷íî çàäîâîëüíÿþòü óìîâó (6). Iíîäi ìè áóäåìî ðîçãëÿäàòè lp-íîðìó íà Xk

‖u‖lpk
= (

∑
n∈Qk

|un|p)
1
p , 1 ≤ p ≤ ∞.

Íàãàäà¹ìî, ùî ïðè 1 ≤ p ≤ q ≤ ∞

‖u‖lqk
≤ ‖u‖lpk

, ‖u‖lq ≤ ‖u‖lp . (7)

×åðåç L (âiäïîâiäíî Lk) ïîçíà÷èìî îïåðàòîð, ÿêèé äi¹ â ïðîñòîði X (âiäïîâiäíî â Xk):

L = A− ω. (8)
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Îïåðàòîð L ¹ îáìåæåíèì i ñàìîñïðÿæåíèì â ïðîñòîðàõ Xk òà X. Âiäïîâiäíî íà öèõ
ïðîñòîðàõ ðîçãëÿíåìî ôóíêöiîíàëè

Jk(u) =
1

2
(Lku, u)k −

∑
n∈Qk

F (un), (9)

J(u) =
1

2
(Lu, u)−

∑
n∈Z

F (un). (10)

Íåâàæêî ïåðåâiðèòè, ùî ïîõiäíi öèõ ôóíêöiîíàëiâ âèçíà÷àþòüñÿ ôîðìóëàìè

〈J ′k(u), v〉 = (Lku, v)k −
∑

n∈Qk

f(un)vn, v ∈ Xk, (11)

〈J ′(u), v〉 = (Lu, v)−
∑

n∈Z
f(un)vn, v ∈ X, (12)

à ¨õ êðèòè÷íi òî÷êè ¹ âiäïîâiäíî k-ïåðiîäè÷íèìè ðîçâ'ÿçêàìè i l2-ðîçâ'ÿçêàìè ðiâíÿí-
íÿ (4).

3. Äîïîìiæíi ëåìè. Äëÿ ïî÷àòêó îçíà÷èìî ìíîãîâèäè Íåõàði, ÿêi âiäïîâiäàþòü
ôóíêöiîíàëàì (9) òà (10) âiäïîâiäíî

Nk := {v ∈ Xk|〈J ′k(v), v〉 = 0, v 6= 0} ⊂ Xk, N := {v ∈ X|〈J ′(v), v〉 = 0, v 6= 0} ⊂ X.
Ââåäåìî ïîçíà÷åííÿ Ik(u) = 〈J ′k(u), u〉 i I(u) = 〈J ′(u), u〉. Öå C1-ôóíêöiîíàëè, ïîõiäíi
ÿêèõ âèçíà÷àþòüñÿ ôîðìóëàìè

〈I ′k(u), v〉 = 2(Lku, v)k −
∑

n∈Qk

(f(un) + f ′(un)un)vn, (13)

〈I ′(u), v〉 = 2(Lu, v)−
∑

n∈Z
(f(un) + f ′(un)un)vn. (14)

Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (a1)�(a4) i ω + l > 0, ω < 0. Òîäi ìíîæèíè Nk

òà N ¹ íåïîðîæíiìè çàìêíåíèìè C1-ïiäìíîãîâèäàìè â Xk òà X âiäïîâiäíî, íà ÿêèõ
ïîõiäíi I ′k(u) 6= 0 òà I ′(u) 6= 0. Êðiì òîãî, iñíó¹ β0 > 0 òàêå, ùî ‖u‖k ≥ β0, u ∈ Nk òà
‖u‖ ≥ β0, u ∈ N.

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê ìíîãîâèäó Nk. Íåõàé δ ∈ (−ω, l) i Eδ � ñïåêòðàëüíèé
ïiäïðîñòið îïåðàòîðà (8) â l2k, ùî âiäïîâiäà¹ [0, δ]. Îñêiëüêè −ω ∈ σ(Lk), òî Eδ 6= {0}.
Íåõàé v ∈ Eδ i v 6= 0. Çà óìîâîþ (a2)

〈J ′k(tv), tv〉 = t2(Lkv, v)k −
∑

n∈Qk
f(tvn)tvn = t2(Lkv, v)k − o(t2) > 0

äëÿ äîñòàòíüî ìàëèõ t > 0. Ç iíøî¨ ñòîðîíè

〈J ′k(tv), tv〉 = t2
(

Lkv, v)k −
∑

n∈Qk

f(tvn)tvn ≤ t2(δ‖v‖2
k −

∑
n∈Qk

f(tvn)v2
n

tvn

)
.

Çà óìîâîþ (a2) ñóìà â äóæêàõ çáiãà¹òüñÿ äî l‖v‖2
k, à òîìó 〈J ′k(tv), tv〉 < 0 äëÿ äîñòàòíüî

âåëèêèõ t > 0. Òîäi iñíó¹ t∗ > 0 òàêå, ùî 〈J ′k(t∗v), t∗v〉 = 0 i t∗v ∈ Nk. Îòæå, Nk 6= ∅.
Íåõàé u ∈ Nk. Ç ðiâíîñòåé (9) i (10) òà îçíà÷åííÿ Nk ìà¹ìî

〈I ′k(u), u〉 = 〈I ′k(u), u〉 − 2Ik(u) =
∑

n∈Qk
(f(un)un − f ′(un)u2

n).
Çà óìîâîþ (a3) öÿ ñóìà ¹ âiä'¹ìíîþ. Òîìó, I ′k(u) 6= 0 i çà òåîðåìîþ ïðî íåÿâíó ôóíêöiþ
Nk ¹ C1-ïiäìíîãîâèäîì l2k. Çàìêíåíiñòü Nk î÷åâèäíà.

Ïåðåéäåìî òåïåð äî äðóãî¨ ÷àñòèíè ëåìè. Íåõàé ϕ(r) = sup|t|≤r
f(t)

t
. Öå çðîñòàþ÷à

ôóíêöiÿ äëÿ r ≥ 0 i çãiäíî (a2) ϕ(r) → 0 ïðè r → 0. Íåõàé u ∈ Nk. Çàçíà÷èìî, ùî
îïåðàòîð Lk äîäàòíî âèçíà÷åíèé. Òîäi ç îçíà÷åííÿ ìíîãîâèäó Íåõàði i íåðiâíîñòi (7)
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|ω|‖u‖2
k ≤ (Lku, u)k =

∑
n∈Qk

f(un)un ≤ ϕ(‖u‖l∞k ) · ‖u‖2
k ≤ ϕ(‖u‖k) · ‖u‖2

k.

Îòæå, ϕ(‖u‖k) ≥ |ω|. Îñêiëüêè ôóíêöiÿ ϕ çðîñòàþ÷à, òî çíàéäåòüñÿ β0 > 0 òàêå, ùî
‖u‖ ≥ β0, u ∈ Nk.

Äîâåäåííÿ ó âèïàäêó N àíàëîãi÷íå i íàâiòü äåùî ïðîñòiøå. Ëåìó äîâåäåíî.

Çàóâàæåííÿ 2. Äîâåäåííÿ ëåìè ïîêàçó¹, ùî ÿêùî Ik(v) ≤ 0(I(v) ≤ 0), òî iñíó¹ ¹äèíå
t∗ ∈ (0; 1] òàêå, ùî t∗v ∈ Nk (t∗v ∈ N), à òàêîæ ëåìà äà¹ iñíóâàííÿ òàêîãî v ∈ Xk(v ∈ X),
v 6= 0, ùî Jk(v) < 0(J(v) < 0).

Ç (9) òà (10) âèïëèâà¹, ùî íà Nk òà N âiäïîâiäíî

Jk(u) = Jk(u)− 1

2
Ik(u) =

∑
n∈Qk

(
1

2
f(un)un − F (un)), (15)

J(u) = J(u)− 1

2
I(u) =

∑
n∈Z

(
1

2
f(un)un − F (un)). (16)

Ëåìà 2. Iñíó¹ ÷èñëî α0 = α0(k) > 0 òàêå, ùî Jk(u) ≥ α0 (Jk(u) ≥ α0) äëÿ âñiõ u ∈
Nk(u ∈ N).

Äîâåäåííÿ. Íà Nk ìà¹ìî
Jk(u) = Jk(u)− 1

2
Ik(u) =

∑
n∈Qk

(1
2
f(un)un − F (un)).

Çà ëåìîþ 1: ‖u‖k ≥ β0 > 0. Îòæå, iñíó¹ n0 ∈ Qk (çàëåæèòü âiä u) i δ0 = δ0(k, β0) > 0

(àëå íå çàëåæèòü âiä u) òàêi, ùî |un0| ≥ δ0. Òîäi ïîêëàâøè α0 = 1
2
f(δ0)δ0 − F (δ0), çà

çàóâàæåííÿì 1 ìà¹ìî, ùî Jk(u) ≥ α0 äëÿ u ∈ Nk.

Ó âèïàäêó J äîâåäåííÿ àíàëîãi÷íå. Ëåìó äîâåäåíî.

Ëåìà 3. ßêùî u ∈ Nk(u ∈ N), òî ôóíêöiÿ Jk(tu)(J(tu)), t > 0 ìà¹ ¹äèíó êðèòè÷íó
òî÷êó ïðè t = 1.

Äîâåäåííÿ. Íåõàé ϕ(t) = Jk(tu). Çíàéäåìî ¨¨ ïîõiäíó
ϕ′(t) = (1

2
(Lk(tu), tu)k −

∑
n∈Qk

F (tun))′ = (1
2
t2(Lku, u)k −

∑
n∈Qk

F (tun))′ = t(Lku, u)k−
−∑

n∈Qk
f(tun)un = t((Lku, u)k −

∑
n∈Qk

f(tun)
tun

u2
n).

Îñêiëüêè ϕ′(1) = (Lku, u)k−
∑

n∈Qk
f(un)un = 〈J ′k(u), u〉 = 0 íà Nk, òî t = 1 ¹ êðèòè÷íîþ

òî÷êîþ ôóíêöi¨ ϕ(t) = Jk(tu). �¨ ¹äèíiñòü âèïëèâà¹ çi ñòðîãî¨ ìîíîòîííîñòi ôóíêöi¨ f(t)
t

.

Ó âèïàäêó J äîâåäåííÿ àíàëîãi÷íå. Ëåìó äîâåäåíî.

Çà ëåìîþ 3 òî÷êè ìiíiìóìó ôóíêöiîíàëiâ Jk òà J âiäïîâiäíî íà Nk òà N ¹ ðîçâ'ÿçêàìè
ðiâíÿííÿ (4). Òîìó ïðèðîäíî ðîçãëÿíóòè íàñòóïíi çàäà÷i ìiíiìiçàöi¨

mk = inf{Jk(v) : v ∈ Nk}, (17)

m = inf{J(v) : v ∈ N}. (18)

Ëåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè (a1)�(a4) i l + ω > 0, ω < 0. Òîäi çàäà÷à (17) ìà¹
ðîçâ'ÿçîê.
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Äîâåäåííÿ. Íåõàé (uj), uj ∈ Nk � ìiíiìiçóþ÷à ïîñëiäîâíiñòü äëÿ Jk, òîáòî J ′k(u
j) → mk.

Ç ðiâíîñòi (15) ìà¹ìî
Jk(u

j) =
∑

n∈Qk
(1

2
f(uj

n)uj
n − F (uj

n)).

Òîäi óìîâà (a4) îçíà÷à¹, ùî ‖uj‖l∞ îáìåæåíà. Îñêiëüêè ïðîñòið Xk ¹ ñêií÷åííîâèìiðíèì,
à l∞-íîðìà åêâiâàëåíòíà åâêëiäîâié íîðìi íà Xk, òî ïîñëiäîâíiñòü (uj) ¹ îáìåæåíîþ.
Ïåðåõîäÿ÷è äî ïiäïîñëiäîâíîñòi, ìè ìîæåìî ââàæàòè, ùî (uj) çáiãà¹òüñÿ äî u ∈ Xk.
Îñêiëüêè ìíîæèíà Nk çàìêíåíà i ôóíêöiîíàë Jk ¹ íåïåðåðâíèì, òî ìè îòðèìàëè u ∈ Nk

i Jk(u) = mk. Ëåìó äîâåäåíî.

Àíàëîãi÷íó ëåìó äëÿ çàäà÷i (18) äîâåñòè ñêëàäíî, à òîìó äëÿ îòðèìàííÿ l2-ðîçâ'ÿçêó
ðiâíÿííÿ (4) ìè ïåðåéäåìî äî ãðàíèöi ïðè k →∞. Äëÿ òîãî, ùîá öå çäiéñíèòè ïîòðiáíà
íàñòóïíà ëåìà.

Ëåìà 5. Íåõàé uk � k-ïåðiîäè÷íèé ðîçâ'ÿçîê çàäà÷i (17). Òîäi ïîñëiäîâíîñòi mk =
Jk(u

k) i ‖uk‖k îáìåæåíi.

Äîâåäåííÿ. Íåõàé w ∈ X � íåíóëüîâèé âåêòîð, ÿêèé íàëåæèòü ñïåêòðàëüíîìó ïiäïðîñ-
òîðó îïåðàòîðà L = A− ω â X, ùî âiäïîâiäà¹ [0, δ] ç δ ∈ (−ω, l). Îñêiëüêè

〈J ′(tw), tw〉 = t2(Lw,w)−∑
n∈Z f(twn)twn ≤ t2(δ‖w‖2

k −
∑

n∈Z
f(twn)

twn
w2

n),

òî çà óìîâîþ (a2) ñóìà â äóæêàõ çáiãà¹òüñÿ äî l‖w‖2, à òîìó 〈J ′(tw), tw〉 < 0 äëÿ äîñòà-
òíüî âåëèêèõ t > 0. Çâiäêè, çíàéäåòüñÿ t > 0 òàêå, ùî I(tw) < 0. Îñêiëüêè ïîñëiäîâíîñòi
çi ñêií÷åííèì íîñi¹ì ùiëüíi â X, òî ìè ìîæåìî àïðîêñèìóâàòè tw åëåìåíòîì w̃ ∈ X
çi ñêií÷åííèì íîñi¹ì òàêèì, ùî I(w̃) < 0. Çà çàóâàæåííÿì 1 iñíó¹ t∗ ∈ (0, 1) òàêå, ùî
I(v) = 0, äå v = t∗w̃. Äëÿ âñiõ äîñòàòíüî âåëèêèõ k ìà¹ìî, ùî supp v ⊂ Qk. Òîäi äëÿ
áóäü-ÿêîãî òàêîãî k íåõàé vk ∈ Xk ¹äèíèé åëåìåíò òàêèé, ùî vk

n = vn äëÿ n ∈ Qk. Ëåãêî
áà÷èòè, ùî Ik(v

k) = I(v) = 0 i Jk(v
k) = J(v). Îòæå, ïîñëiäîâíiñòü mk ≤ Jk(v

k) = J(v)
îáìåæåíà.

Äîâåäåìî ìåòîäîì âiä ñóïðîòèâíîãî, ùî ‖uk‖k îáìåæåíà. Ïðèïóñòèìî ïðîòèëåæíå.
Ïåðåõîäÿ÷è äî ïiäïîñëiäîâíîñòi (ÿêó áóäåìî ïîçíà÷àòè òàê ñàìî), ìè ìîæåìî ââàæàòè,
ùî ‖uk‖k →∞. Äëÿ vk = uk

‖uk‖k
âèêîíó¹òüñÿ îäíà ç íàñòóïíèõ óìîâ:

(i) ïîñëiäîâíiñòü (vk) çàäîâîëüíÿ¹ óìîâó ‖vk‖ = ‖vk‖l∞ → 0, k →∞;
(ii) çíàéäóòüñÿ δ > 0 i yk ∈ Z òàêi, ùî |vk

yk
| ≥ δ äëÿ âñiõ k (ïiñëÿ ïåðåõîäó äî íàñòóïíî¨

ïiäïîñëiäîâíîñòi).
Ðîçãëÿíåìî âèïàäîê (i). Îñêiëüêè 0 = 1

‖uk‖2k
Ik(u

k) = (Lkv
k, vk)k−

∑
n∈Qk

f(uk
n)

uk
n

(vk
n)2, òî

|ω| = |ω|‖vk‖2
k ≤ (Lkv

k, vk)k =
∑

n∈Qk

f(uk
n)

uk
n

(vk
n)2. (19)

Çà óìîâîþ (a2) iñíó¹ t0 > 0 òàêå, ùî f(t)
t
≤ |ω|

2
ïðè t < |t0|. Íåõàé Ak = {n ∈ Qk : |uk

n| < t0}
i Bk = {n ∈ Qk : |uk

n| ≥ t0}. Òîäi ìàòèìåìî
∑

n∈Ak

f(uk
n)

uk
n

(vk
n)2 ≤ |ω|

2

∑
n∈Ak

(vk
n)2 ≤ |ω|

2
‖vk‖2

k =
|ω|
2

.

Çâiäêè, âðàõîâóþ÷è (19), ìà¹ìî

lim
k→∞

∑
n∈Bk

f(uk
n)

uk
n

(vk
n)2 ≥ |ω|

2
. (20)
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Ç iíøî¨ ñòîðîíè, ‖f(t)‖ ≤ C0|u| ç äåÿêîþ ñòàëîþ C0 > 0 i çà íåðiâíiñòþ Ãåëüäåðà

∑
n∈Bk

f(uk
n)

uk
n

(vk
n)2 ≤ C0|Bk|

p−2
p ‖vk‖

2
p

lpk
(21)

äëÿ áóäü-ÿêîãî p > 2, äå |Bk| � êiëüêiñòü åëåìåíòiâ ìíîæèíè Bk. Ïðîòå ëåãêî ïåðåâiðè-
òè, ùî ‖w‖lpk

≤ ‖w‖
p−2

p

l∞k
‖w‖

2
p

k . Îñêiëüêè ‖vk‖l∞k → 0, òî íåðiâíîñòi (20) i (21) ïîêàçóþòü,
ùî |Bk| → ∞. Íåõàé α0 = min{1

2
f(±t0)(±t0) − F (±t0)}. Òîäi ç (15) òà çàóâàæåííÿ 1

ìà¹ìî
mk =

∑
n∈Qk

(1
2
f(un)un − F (un)) ≥ ∑

n∈Bk
(1

2
f(un)un − F (un)) ≥ α0|Bk| → ∞.

Îòðèìàëè ñóïåðå÷íiñòü.
Ðîçãëÿíåìî âèïàäîê (ii). Ç iíâàðiàíòíîñòi ðiâíÿííÿ (4) âiäíîñíî äèñêðåòíèõ çñóâiâ,

êðàòíèõ k, ïåðåõîäÿ÷è äî ïiäïîñëiäîâíîñòi, ìè ìîæåìî ââàæàòè, ùî ck = c. Îñêiëüêè
‖vk‖k = 1, òî ïåðåõîäÿ÷è çíîâó äî ïiäïîñëiäîâíîñòi, ìè ìîæåìî òàêîæ ââàæàòè, ùî
iñíó¹ v = (vn) òàêå, ùî vk

n → vn äëÿ âñiõ n ∈ Z. Êðiì òîãî, î÷åâèäíî, ùî v ∈ X ç ‖v‖ ≤ 1
i |vc| ≥ δ. Îòæå, v 6= 0.

Îñêiëüêè uk � k-ïåðiîäè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (4), òî ìà¹ìî

Avk
n − (ω + l)vk

n =
g(uk

n)

‖uk‖k

, (22)

äå g(t) = f(t)− lt i çà óìîâîþ (a2) limt→±∞
g(t)

t
= 0. ßêùî n ∈ Z i vn 6= 0, òî |uk

n| → ∞.
Ïåðåõîäÿ÷è äî ãðàíèöi â (22) ïðè k → ∞, ìà¹ìî Avn − (ω + l)vn = 0, òîáòî v ∈ X
� íåíóëüîâèé âëàñíèé âåêòîð îïåðàòîðà A ç âëàñíèì çíà÷åííÿì ω + l. Àëå ñïåêòð
îïåðàòîðà A â X ¹ àáñîëþòíî íåïåðåðâíèì (äèâ. [11]). Çíîâó îòðèìàëè ñóïåðå÷íiñòü.
Îòæå, ‖uk‖k � îáìåæåíà. Ëåìó äîâåäåíî.

4. Îñíîâíi ðåçóëüòàòè. Ç ëåìè 4 âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (a1)�(a4) i l + ω > 0, ω < 0. Òîäi äëÿ áóäü-ÿêîãî
k ≥ 2 ðiâíÿííÿ (4) ìà¹ íåòðèâiàëüíèé k-ïåðiîäè÷íèé ðîçâ'ÿçîê u(k) ∈ Xk. Êðiì òîãî,
ÿêùî ôóíêöiÿ f íåïàðíà, òî ðiâíÿííÿ (4) ìà¹ äâà íåòðèâiàëüíèõ ðîçâ'ÿçêè ±u(k).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (a1)�(a4) i l + ω > 0, ω < 0. Òîäi ðiâíÿííÿ (4)
ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê u ∈ X. Êðiì òîãî, ÿêùî ôóíêöiÿ f íåïàðíà, òî ðiâíÿííÿ
(4) ìà¹ äâà íåòðèâiàëüíèõ ðîçâ'ÿçêè ±u.

Äîâåäåííÿ. Íåõàé uk ∈ Xk ðîçâ'ÿçîê ðiâíÿííÿ (4). Çà ëåìîþ 5 ïîñëiäîâíiñòü ‖uk‖k

îáìåæåíà i òîìó uk òàêîæ çàäîâîëüíÿ¹ óìîâó (i) àáî (ii). Ó âèïàäêó (i), ÿê ó äîâåäåííi
ëåìè 5, ìà¹ìî, ùî ‖uk‖lpk

→ 0 ïðè k → ∞ äëÿ áóäü-ÿêîãî p > 2. Çà óìîâîþ (a2) äëÿ
êîæíîãî ε > 0 çíàéäåòüñÿ Cε > 0 òàêå, ùî

|f(t)| ≤ ε|t|+ Cε‖uk‖p
lpk
.

Îñêiëüêè uk � k-ïåðiîäè÷íèé ðîçâ'ÿçîê, òî

|ω|‖uk‖2
k ≤ (Lku

k, uk)k =
∑

n∈Qk

f(uk
n)uk

n ≤ ε‖uk‖2
k + Cε‖uk‖p

lpk
.
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Ïîêëàâøè ε = |ω|
2

, îòðèìà¹ìî ε = |ω|
2
‖uk‖2

k ≤ Cε‖uk‖p
lpk
→ 0. À öå ïðîòèði÷èòü ëåìi 1 i,

îòæå, âèêîíàííÿ (i) íåìîæëèâå.
Îòæå, âèêîíó¹òüñÿ óìîâà (ii). Ðîáëÿ÷è ïåðåõiä äî ïiäïîñëiäîâíîñòi i âèêîðèñòîâó-

þ÷è iíâàðiàíòíiñòü äèñêðåòíèõ çñóâiâ ìè ìîæåìî ââàæàòè, ùî |uk
c | ≥ δ ç äåÿêèì δ > 0.

Ïåðåõîäÿ÷è çíîâó äî ïiäïîñëiäîâíîñòi, ìè òàêîæ ìîæåìî ââàæàòè, ùî iñíó¹ ïîñëiäîâ-
íiñòü u = (un) òàêà, ùî uk

n → un äëÿ âñiõ n ∈ Z. Ëåãêî áà÷èòè, ùî u ∈ X i u 6= 0. Êðiì
òîãî, äëÿ ðiâíÿííÿ (4) ìà¹ìî ïîòî÷êîâó çáiæíiñòü i, îòæå, u ∈ X � éîãî íåòðèâiàëüíèé
ðîçâ'ÿçîê.

Ìîæíà ïîêàçàòè, ùî ïîáóäîâàíèé ðîçâ'ÿçîê ¹ ðîçâ'ÿçêîì çàäà÷i (18).
Iñíóâàííÿ äâîõ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ ±u ó âèïàäêó íåïàðíî¨ ôóíêöi¨ î÷åâèäíå.

Òåîðåìó äîâåäåíî.

Îñêiëüêè íàñè÷óâàíà íåëiíiéíiñòü f(un) = µu3
n

1+u2
n
, µ 6= 0 çàäîâîëüíÿ¹ óìîâè (a2)�(a4),

òî ç òåîðåì 1 òà 2 âèïëèâàþòü îñíîâíi ðåçóëüòàòè öi¹¨ ñòàòòi

Òåîðåìà 3. Íåõàé âèêîíó¹òüñÿ óìîâà (a1) i µ+ω > 0, ω < 0. Òîäi äëÿ áóäü-ÿêîãî k ≥ 2
ðiâíÿííÿ (3) ìà¹ äâà íåòðèâiàëüíèõ ðîçâ'ÿçêè ±u(k) ∈ Xk.

Òåîðåìà 4. Íåõàé âèêîíó¹òüñÿ óìîâà (a1) i µ + ω > 0, ω < 0. Òîäi ðiâíÿííÿ (3) ìà¹ äâà
íåòðèâiàëüíèõ ðîçâ'ÿçêè ±u ∈ X.

ËIÒÅÐÀÒÓÐÀ

1. Áàê Ñ. Í., Ïàíêîâ À. À. Î ïåðèîäè÷åñêèõ êîëåáàíèÿõ áåñêîíå÷íîé öåïî÷êè ëèíåéíî ñâÿçàííûõ
íåëèíåéíûõ îñöèëëÿòîðîâ // Äîïîâiäi ÍÀÍ Óêðà¨íè. � 2004. � �9. � C. 13-16.

2. Áàê Ñ. Í. Ìåòîä óñëîâíîé ìèíèìèçàöèè â çàäà÷å î êîëåáàíèÿõ öåïî÷êè íåëèíåéíûõ îñöèëëÿòîðîâ
// Ìàòåìàòè÷åñêàÿ ôèçèêà, àíàëèç, ãåîìåòðèÿ. � 2004. � �3. � Ò.11. � Ñ. 263-273.

3. Áàê Ñ. Ì. Áiæó÷i õâèëi â ëàíöþãàõ îñöèëÿòîðiâ // Ìàòåìàòè÷íi ñòóäi¨. � 2006. � Ò. 26, �2. �
Ñ. 140-153.

4. Aubry S. Breathers in nonlinear lattices: Existence, linear stability and quantization // Physica D. �
1997. � V. 103. � P. 201 � 250.

5. Bak S. M. Peridoc traveling waves in chains of oscillators// Communications in Mathematical Analysis.
� 2007. � V. 3, N 1. � Ð. 19-26.

6. Henning D., Tsironis G. Wave transmission in nonliniear lattices // Physics Repts. � 1999. � V. 309.
� P. 333-432.

7. Pankov A. Traveling waves and periodic oscillations in Fermi�Pasta�Ulam Lattices. � London�Singapore:
Imperial College Press, 2005. � 196 pp.

8. Pankov A. Gap solitons in periodic discrete NLS equations// Nonlinearity. � 2006. � V. 19. � P. 27-40.
9. Pankov A. Gap solitons in periodic discrete NLS equations II: A generalized Nehari manifold approach//

Discr. Cont. Dyn. Syst. � 2007. � V. 19. � P. 419�430.
10. Pankov A., Rothos V. Periodic and decaying solutions in DNLS with saturable nonlinearity// Proc. Roy.

Soc. A. � To appear.
11. Teschl G. Jacobi operators and completely integrable nonlinear lattices, Amer. Math. Soc., Providence,

2000. � 251 pp.

Âiííèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iì. Ì. Êîöþáèíñüêîãî
sergiy.bak@gmail.com

Íàäiéøëî 11.09.2008


