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AHOTAIIA. PosrysinyTo Kjiac oHONApaMETPUYHUX HeNnepepBHUX (DYHKINH, KOXKHA 3
AKAX 33JA€THCs AK T'PAaHUYIHA (QYHKIMs J1esKol PyHKIoHa bHOI mocimoBrocti. doci-
JIKEHO yMOBHU Hijle He JudepeHItifoBHOCTI DYHKIIIH 3 IIHOTO KJIacy, a TAKOXK JedKi dppa-
KTaJIbHI BJIACTUBOCTI 1X rpadikis.

ABSTRACT. A one-parameter class of continuous functions, each of those is defined as a
limit function of some functional sequence, was considered. The conditions of nowhere
differentiability and also some fractal properties of their graphs are investigated in this
article.

1. BcTvn

[Ticyis Toro, gk B 1872 pornti KapJs Befieprrpacce npeacraBus BepJiinebkiit akajiemMii Hayk
IIPUKJIaJT HellepEePBHOI Hijle He JqudepeHIiiioBHoT (pYyHKIII, baraTto MaTeMaTHKIB 30Cepe/ -
JI CBOIO YBary Ha IOIIYKY HOBUX HellepepBHUX (DYHKIII, dKi Hijle He MaioTh noxianoi. Ha
CHOTOJHIIIHIN JIEHb BiJIOMO YMMAJIO MPUKJIAJIIB HEIEePEePBHUX Hemudepen iiioBHux (yH-
kit [1, 2|, sokpema dyukiii Takari, Ban qep Bapmiena, a Takox ixHi y3aragbHeHHs |3, 4.
Bacobu Teopil ppaxTaIiB, MO PO3BUBAETHCS MBUIKIMI TEMIIAMU, JAI0Th IIEBHUI iHCTPY-
MeHTapiil JIJIsd JTOC/TPKEeHHS JIOKAJTbHUX BJIACTHBOCTEN TAKUX (DYHKITIN.

O06’ekTOM JTOCTIIPKeHHS B TaHiit poOOTi € Kjtac oJfHOIIapaMeTPUIHUX HellepEePBHUX (DY H-
KIIiif, sikuit Oy 1yeTbes B HacTymHuii crioci6 |5]. Ilepemycim 3adikcyemo napamerp a € (0, 1).
Ha Binpizky [0, 1] o3HAYMMO HACTYIIHMM YHHOM IO 1HJYKII MOC/IIOBHICTD HEIIEPEPBHIX
aucaoBux yukiii (f,(x)). Hexait fo(r) = z, a mag 6yab-g9Koro HarypajabHOro n GyH-

1
okt ],k=0,1,...,3n—1,

Kitist f,(x) € JiHI{HOI Ha KOXKHOMY 3 BiJIPI3KIB BULY [37’ T
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kE+1 kE+1
oan( ;; ):fn< ;; ), ang k=0,1,...,3" — 1.

Hexait
Fu() = lim fu(@).
n—oo

Huzkae mu nokazkemo, mo F,(z) — HenepepsHa Ha Biapisky [0, 1] dynkiis.

(@ +h,y+p) (z +h,y +p)
y+ap |--------- ‘
y+ (1 —a)yp |------4~- Ao ‘
| |
(z,y) (x,y) z+ 4 v+ 2
Puc. 1. Ouepaisi nepexoy Bif dyHkuil f, (aiBopyd) 10 fr41 (IpaBopyd) Ha KOKHOMY 3 Biji-
Pi3KiB BULY [3%,%], k=0,1,...,3"—1

Hns pesitkux KoHKpeTHUX a, F,(r) nabyBae Burysa byHKILH, M0 BUBYAJIUCH paHile.

Hanpukitan, gkmo a = %, to F,(x) — 1ne npukiaj Hijge He qudepeniiiiopuol GyHKIil
Iepxinca (Perkins) [6]. Skmo a = 2,

dbyukmil Bypbaki |7, c. 28]. Kpim Bypbaki, 10 anasjorianoro npukiaiy Hige e jude-

o F,(x) € npukiaaom Hijge He nudepeHIiioBHOT

pentiitosrol dynkuil aiitmos Karcyypa (Katsuura) [8], monpassa Bin BukopucTas iHImmit
migxin s 3aganag miel dyskmil. Hexait X = [0, 1] x [0, 1]. Posrigremo nacrymhi ctu-
ckytoul Bimobpaxennsa Tj(x): X — X (1 =1,2,3)

Ti(z,y) = (g%y)

2—x 1+y
) = (252,120)

242 142

3 7 3
Hexait Dy = (x,z) € X — niaronaJb BUXiTHOTO OJMHIYHOTO KBajpata X, i

3
D, =JTi(Dnr), n>1.
=1

Koxue D, € rpadikom jesikol HenepepsHOl GyHKINT f,,(x). ['panndna dyHKIis, K MoKa-
3aB Karcyypa, € nerepepsroio i nife ne mudepeniiitosnoro. Came Tomy bynkiio Fy/3(x)
Ha3UBalOTh Hijle He gudepeniiiopHoo dynkiieio bypbdaki abo xk ¢yukiieio Karcyypun.

BiamiTumo, mo F 1 (x) — 1e 3namenura ynknis Kanropa. ['panndni Bunajku mapame-
tpa a (0 Ta 1) TakoK MOXKYTb OyTH PO3IJISHYTI, IpoTe B 000X 3 HUX DyHKINA F,(x) He €
HEIePEPBHO0. 3ayBarKMMO TaKOXK, 110 F 1 (x) = z.
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2. JIU®EPEHUIAJIBHI BJACTUBOCTI JOCIIAXKYBAHUX ®YHKIIINA

Teopema 1. Jlas yciz a € (0,1) F,(x) e nenepepsnoro na eidpisxky [0, 1].

Jlosederns. Tlepm 3a Bee Bimsnaunmo, mo F,(xg) = fu(zo), gaxmo zo = 3 A N =
Sk, k=0,1,...,3" Hexait A= max{a,|2a — 1|}. OgueBumno, mo 0 < A < 1. 3a3na-
YUMO, IO JIJIS JIOBiJIBHOTO N > 1:

(@) < (3A)"

B YCIX TOYKax, B AKHUX MOXijHa icHye. Takoxk BiazHauynmo, 1o

wind () 4o (S0 ) < i) < {1 () oo (550 )

ans yeix p € N i —n <z < % Hapemri misa koxxuoro x € [0, 1] ta gosisbHOTO € > 0

icaytoTh Taki HaTypasbHi n i k, mo A" < € i 3% <z < k+1 . Tomi:

Furp(@) = ful@)| S A" <& snm yeix p > 0.

Takum 9UHOM, OCKIJIBKU N OOMPAETHCA HE3AJEKHO Bij ', TO (DYHKIIOHAJIbHA ITOCII0B-
HicTb (f,(x)) piBHOMIpHO-306iraeThes, & BPaxyBaBIIU Te, 0 KOXKHUN YJI€H TTOCIIOBHOCTI
€ HernepepBHa (yHKIs Ha Biapisky [0, 1], cTBepzKyeMo, Mo icHYe rpaHnYHa (DYHKILA
F,(z), sika € HemepepBHOIO Ha Biapisky [0, 1]. O

s pocijpkenns audepeHIiaj bHuX BAACTUBOCTEH OMUCAHOTO KJacy (PYHKIT# BUKO-
PUCTOBYBATUMEMO HACTYIIHY JIEMY, SIKY JIETKO JOBECTH.

Jlema 1. Sxwo dynruyis f(x) — Judepernuitiosna 6 mouyi xg, mo

lim f(xo—h) — f(xo + k)

!
h10,k0 h+k = (@),

Teopema 2 ([5]). Axwo a € (0, %], mo gynruyis F,(x) dupepenuitiosna matiorce cxpisv;

AKWO a € [%, 1), mo gynwuia F,(x) e nide nedugepenuitiosnoro; axuo sc a € (% mo

5 5);
F,(x) dudepenuitiosna na 00niti HECKIHUEHHIT MHOMCUHT TOYOK | Hedudepenyitiosha Ha

THWIT, MaK0IC HECKIHYEHHIT MHONCUHT MOYOK.

osedenns. JloBenenns 1iel TeopeMu POBEJIEMO B TPU €TAIIH.

1. Hexaii a € (O, %} . Toxi, oueBunno, byukmis F,(z) € mecnaanoio. 3a Teopemoro Jlebera
1po udepenIiifoBHICTE MOHOTOHHOI (DYHKIIIT CTBEP/zKYyEMO, 10 BOHA JudepeHIiiioBHa
Maiizke CKpispb (B cMucsi mipu JleGera).

2. Hexait a € [%, 1). Baysazkumo, 110 B 1iboMy Butiajiky A = max{a,2a —1} = a. Jlerko
OaunTH, II0:

(3(2a — 1))" < [fo(2)] < (3a)"
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B ycix Toukax, je f/(z) icuye. Hexait x — moBiibHe wmcsio 3 Bimpiska [0, 1]. g sax

3% <z< % Tomi:

() -r(B)] )48

1 - 1

3n 3n

3aBI'OJIHO BEJIMKOI'O N 3aBxK/u icHye k € N, 110

TOOTO MPSAMYE 70 HECKIHYEHHOCTI, AKIIO a > % Briguo 3 semoro 1, Fy(x) € neaudepenti-
MOBHOIO B KOXKHIN TOYIT].

Y BuUNAJKY, KO a4 = %, noxigaa f)(r) Moxke OyTH OOMEKEHOIO B JEAKHX TOYKAX
(HampUKJIaJ, TpH T = %) Aste HaBITH B TAKMX TOYKAX, 3 OJHOrO OOKY, MOC/IITOBHICTD
(f!(x)) 3miHIOE 3HAK HECKIHYEHHE YHCJIO Pas3iB, To6TO Moxke 3birarucs jmire 70 0, a 3
inmmoro 6oky, odeBmano, 1o |fr(x)| = 1 mra koxmoro n. Lg cynepednicrs 1 g1oBoguTh
HedepeHIiiioBaicTh GyHKIHT F 2 () B KOXKHIiT TOUM Bigpisky [0, 1].

12
273
TPIHKOBO-paIioHaIbHIX TOYKaxX Bijapiska [0, 1], To6T0 B TOUKax Buiy - = 3%, gen € N,

3. Hexaii renep a € ( ) [Tokazkemo, 110 bysKIs Fy,(x) € HeandepeHiioBHOO B ycix
k=0,1,...,3" He Brpadaioun 3araJibHOCTI IPHUIIYyCTUMO, IO k He JIUThCA Ha 3. Tosi
skimo kK =1 mod 3, o roni D_F,(z) = 400, ae yepe3 D_F,(x) nosnadeHna JiBa moxiaHa
byurmil F,(z). dxmo x k& = 2 mod 3, o Tromi D, F,(z) = 400, ae depes D, F,(x)
no3HateHa npasa mnoxiana dbysknil Fy,(x). Kpim mporo, D F,(0) = 400, D_F,(1) = +00.

Hudepenniiiopaicts GyHKIii F,(x) npy IHINX 3HAYEHHSX apryMEHTY 3aJIeKUTh BiJ
YUCJIOBUX BJIacTUBOCTel x. PosrisiHeMo TpiifikoBo-ippallioHaJbHEe THCJIO:

« 0" o,
g;:_1+_2+...+_+...:A3

3 32 3n arag..an.0 i = 0, 1, 2.

[Mosnaunmo vepes i(n) KiJIbKICTb OJMHUIDL B TPIHKOBOMY IIPEJICTABJIEHH] YUCIa X JI0 N-T0
wmicg Brmouno. Toxi f/(z) = (3(1 — 2a))"™ - (3a)"~ ™. dkmo (3(1 — 24))"™ - (3a)"—i(™
30iraeTbcd pu N — 00, TO pyHKIig F, nudepeHIiiioBHa B TOYI T, B IMPOTUIECKHOMY
BUIIQJIKY — Hi.

Axmo a; = 1 ga ckiHdeHHOI MHOXKHUHE Takux j, To |f)(x)|, odeBunHO, mpsamye 10
Heckindennocti. Zxmo «;(r) = 1 meckingenno gacro, To (ockiabku 1 — 2a < 0), mocsi-
josuicTs (f) (7)) 3miHioe 3naK Heckindenno dacto. ToMmy BoHa Moke 30iraTucs JmIe 10

HYyJISL.
Hexait v = lim @ Toxi mnocainosricts (f!(x)) 36iraeTbes 10 Hyss, SKIIO
n—o0
13(1 — 2a)7 - a*™7| < 1. Orxe, F.(z) = 0, akmo

—lg (3a)
lg(2a — 1) —lga’

v >

SokpeMa, gKIO «; = 1 17 BCIX j, 32 BHKJIOYEHHAM CKIHIEHHOI'O HYUCJA, TO TOMl Y =

1 i, rakum umaoM, Fyp(x) = 0. 3ayBakumo, 0 yci Taki 3HAYEHHS T — I€ CEPEIUHU
. . ) _1e(3 . .
iHTEpBAJIIB BU LY (3%, %) 3 iH1oro 60Ky, AKIO vy < ﬁ, To noctioBHicTs (f (7))

posbiraernbes 1 dynkiia Fy,(x) B Touni & HemudepeHIiioBHa. O
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3. AHAJIITUYHE 3AJIAHHS JOCJ/IIJIXKYBAHUX OYHKIIIN

Posrignemo dyskiio fi(x). Bora ckianaerbes 3 TphoX BIAPI3KIB, JOBKUHU TPOEKIIil

JKUX Ha BiCh abCIHC JIOPIBHIOIOTD %, IPpUYIOMY JIBa 3 HUX CBOIMHU IIPOEKITIsIMU Ha BICh

OpJIMHAT MAIOTh BIJIPI3KU JOBXKUHOIO G, & OJIUH JIOBXKUHY 2a — 1.

Jlema 2. Kooicna 3 ¢ynwuii fo(x) (n € N) ckaadaemocsa 3 3" eidpiskis, dosoicuriu
npoexyill KoocHo20 3 Axuxr Ha 6icv Ox dopisnioroms 37", a wa sicv Oy — wucao sudy
ak(2a — 1)""‘7, kE=0,1,...,n, npuvomy wucro 6idpi3kie, 0ra AKUT J0BHCUHA NPOEKYTL HA
aicvy Oy piena a*(2a — 1)"=* dopienroe CF - 2F.

Josedenna. Tlepina dacTrHa TeopeMu CJIiaye O6€3110cepeaHbo 3 O3HAUYEHHS IOC/IiIOBHOCTI
byt (f,(x)).

[Tokaxkemo, 110 J71 JoBLIbHOrO N € N 49mCI0 BiJIPI3KIB JOBXKHHOIO ak(2a — 1)””“, 3
AKIX CKJIa1aeThes byHkiis f,(z), nopisuioe CF - 2F,

Hiiicno, posriasguemo jesky yHKIi0 f,(x), a TakoK TpIiKOBe Mpe/ICcTaBIeHHsS apry-
MEHTY T = Ay ay..o..- LOL JHIHAN BiAPi3oK QyHKII, AKUil Mae CBOEIO IIPOEKINEIO Ha
Bich O [Anias...0,00...; Dayas...an22..] ; CBOEIO TIPOEKIIEIO Ha Bich Oy Mae BIPI30K, JIOBKUHA
SIKOI'O BU3HAYAETHCS YUUCJIOM OJIUHHUIL cepel mudp aq, Qo,...«Q,, TOOTO JTOBXKUHH IIPO-
ekIiiit Ha Bich Oy JIBOX BIJPI3KiB OYIyTh OJHAKOBUMHU, SKINO TPIHKOBE IIPeJICTaBJICHHS
JIBUX KIHIIB KOXKHOT'O 3 BIJIPi3KiB MICTUTH OJIHAKOBY KiJIbKICTb OJUHUIL. KinbKicTh 1n-
ces, B TPIfIKOBOMY 3aIici IKIX MIiCTUTLCA PiBHO N — k oaumub, nopismioe C % . 2k ago,
o Te 3 came, CF . 2k, O

Hexait t = Ay ay..om..s O € Ng. Jlamo reoMeTpUIHY iHTEPIPETAIlio 00y I0BU 3HATCHHS
byukiil F,(z) 3a 1aHUM 3HAYEHHSIM apryMeHTI.

Beenemo nosnauenns: Q = {qo, q1,q2}, 1€ o = a, ¢ = 1—2a, ¢o = a. Hexaii a € (0, %)
2
OueBuHO, MO B MboMyY BHIAAKY yci ¢; > 01 Y ¢ = 1. Toai koxue jificHe qucsio y 3
i=0
Binpizka [0, 1] Mae eaune mpejicTaBieH s y BUTJISI

0o i—1
Yy = ﬁog + Zﬁai HQaka
k=1

=2
m—1
— . NO B 3 _
e ﬁm = qj, Qk < 9 (TaKe€ IIpeACTaB/JIEHHI Ha3HUBAaIOTb Q npeacTaBJACHHAM J1MCHO
J=0

ro uncna [4, 9]). Toxi oyeBuHO, MO POOOGPA3OM TaK TOJAHOTO 3HAYEHHs (PYHKIIL § €

TpifikoBe uncio x = A} .

Hexaii Tenep a € [%, 1). Poszimmo sigpizok [0, 1] na tpu sigpisku AY, i € NI, nosxu-

HU SIKUX BU3HAYAIOTHCs criBBigaomennsm |AY| = |g;|, npudomy Bigpizok AY Binkiaia-

THMEMO B mpoTusieskHoMy Hanpsami. Ogesuno, mo Ay C AY i AY C AY. Ogesuno, 1mo
y

Fa(Aalag...an...) - Aal‘

IIponosxuBIIm 1e# Iporec, Ha m-My KPOIi OJepxKuMO Biapiskm AY . - ., JOBKUHH

m
SIKUX PiBHI |Ayl QQ.._am‘ =[] |9a,|- OueBunmo, mo goBxuHE HUX BiIPI3KIB HPAMYIOTH 10

myns, mpm m — 0o, Takox F.(AY ) C AY AY C AY

a10...0my ... a102...0um ) Q102...0mOm 41 a10...00m "
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Orxke, HaAMHU TOOYIOBaHA CHCTEMa BKJAJEHMX BIIPi3KiB 1 3a akciomoro Kanrtopa ichye
€JIHa, TOYKA, 10 HAJIEXKUTh HECKIHYEHHIH HOCIi0BHOCTI BiIPIZKIB Ay, ay..ay,... HAIIMA
MIPKYBaHHSIMH MU II0 CYTI JIOBEJIU T€OPEMY:

Teopema 3. Hezati x = G + G + -+ + g2 + ... Todi snanenna dynruii F,(x) moorce
bymu obuucaere 36 HopMY0t0:

o) i—1
Fa(x) == ﬁal + Zﬁai ank7
k=1

=2

dego=a, q=1-2a, g=a; [o=0, fi=a, fo=1—a.

4. OPAKTAJIbHI BJIACTUBOCTI I'PA®IKIB JOCJIIYKYBAHUX OYHKIIIN

Harasaemo [2], o aunciio
o (E) = lim lg Ns( &) Ns(E) ,
0—0 — lg )
ne Ns(E) — naiimenmia KiTbKiCTh HPSIMOKYTHUKIB jiaMerpa d, HeoOXiTHUX Jist TOKPUT-
T MHOXKWHU I, HAa3uBaeTbcs (ppakTaJIbHOI KJIITHUHKOBOIO PO3MipHiCTIO MHOXKUHU F. Y
BUITQJIKY, KOJIH IMOKPUTTH 3/1IICHIOETHCS OJIHAKOBUMHU O-,KyOaMu' BUILY

[m1d, (my + 1)8] X -+ X [m,0, (m, + 1)d],

e my, Mmo,..., m, — mia (,Kybom* HasmBaemo iHTepBaJ B mpoctopi R; i KBajpar B
Ry), [ucio aX (F) HasuBaioTh (DpaKTaJbHOI KJITHHKOBOI E€HTPOIIHHOI PO3MIPHICTIO
MHOXKWHU [/

Teopema 4. Posmipnicmos Xaycdoppa—Besurosuna dyrxuii F,(x) npu a € (0, %] dopie-
nroe 1.

Josedenns. OCKUIBKE TIPHU 38 JaHIX 3HAYEHHAX IapaMeTpa a (DYHKILsS HecrraHa, TO BOHA
Ma€ CKiHYeHHY JIOBXKUHY, TOOTO F,(x) € CIpaMIIIOBAHOIO KPUBOIO, a OTKe 11 PO3MIPHICTH
Xaycnopda-Besukosuaa nopisaioe onunnii 2, crop. 82]. O

Teopema 5. Opaxmanvra kaimunkosa enmponitna poamipricmy epadira gynruii F,(z),
a € (1,1) dopisnroe logs(12a — 3).

Jlosederns. Busnaanmo, sikoro Hajimenroo kinbkictio Ns(I'g, ) kBagparis 31 cropoHOO
d = 37" moxua nokputu rpadix ¢yukiii F,(z). Saysaxkumo, mo Ns(I'y, ) = Ns(I'g,),
SKIo 6 = 37", ToMy
lg N,
of(F,) = lim L(f")_
n—oo — lg 3—n
BrigHo 3 jiemoro 2, f,, () ckiIagaeThest i3 BIAPI3KiB, MpoekIlii AKuxX Ha Bich O JOPIBHIOIOTH
37" a Ha Bich Oy — ak(2a — 1)""‘3. s Toro, mob MOKPUTH KBajpaTaMH 31 CTOPOHOIO
37" ojuH Takuil Bi/IPi30K, HEOOXiTHO:
k n—k
a®(2a — 1)
(D) pop = ——F5—"—

3—n , AKIIO 3HaYCHHA IIbOI'O BUPA3Yy — IILIE;]
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(2) poy = la(2a3+1)"

(TyT [x] — Haiibinbie Iise YncIo, Mo He HEPEBUIIYE ).

+1, aiko 3HadenHs supasy at(2a—1)""*37" — e e nimm

Omuinmmo Ns(f,). 3 omHOrO GOKY:

n n k n—k
_ k ok v ook @ (2a—1) _
N(fa) = DOk -2 pas 2 Y Ch- 28 2 =
k=0 k=0
=3" > CF-(20)"(2a—1)"F =3" (4a — 1)" = (120 — 3)".
k=0
Tofi bpakTasbHa KJIITHHKOBA €HTPOIiiiHA PO3MIpHICTD rpadika DyHKIIIT:

lg(12a — 3)™
o®(Tp) > lim lg(12a — 3)"

R log; (12a — 3). (1)

3 iumoro 60Ky,

n n k:2 _1n—k
Nilf) = Y2 epa Skt (TS ) -
k=0 k=0

=3 CF-(20)fa—1)"F+) k.28 =
k=0 k=0
= 3" (4a —1)" + 3" = (12a — 3)" + 3".

3 n
Bpaxysasmm, 1o nipu a > %, lim (m) = (0, MmaTumMeMo:
n—oo a —

o (Ts) < lim lg((12a — 3)" +3") _

n—00 — ]g 3—n
lg(12a = 3)" +1g (1 + (52)")
= lim 12032 2 — log, (12a — 3). 2
lim = g (120 - 3) )
Cuiscrausim (1) 1 (2) 3raxoauMo:
o™ (Tg,) = log;(12a — 3).
0
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